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We calculate the pion decay constant near the critical temperature of the O(N) nonlinear
sigma model in the large N limit. Making use of the known low temperature behavior,
we construct a Pade approximant to obtain the behavior of f

(T ) at all temperatures.
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does not have a phase transition at any nite temperature. In other words, due to the
constraint the magnitude of the  eld is xed at the value of f

and hence the symmetry
is broken no matter what the temperature is. However, this argument is wrong. A recent







=(N + 2) (3)
to leading plus subleading order in the 1=N expansion, where N  1 is the number of pion
eld components.
One may ask how it is possible to restore the O(N) symmetry when the constraint
forces the symmetry to be broken by the ground state. The answer is that a phase
transition takes place not because the symmetry of the ground state changes, but because
the probability of occupying the ground state decreases as the temperature increases,
becoming innitesimal at a transition temperature. For a familiar example, consider a
ferromagnet. The magnitude of the spin at each site is xed by the constraint S
2
=
S(S+1). The ground state of this system is of course one where all the spins line up
in a xed direction, breaking the rotational symmetry of space. However, this system
certainly goes through a symmetry restoring phase transition as the temperature is raised.
At high temperatures the amount of energy put into the system is simply too great to be
accommodated by varying the phase of the ground state alone.
Given that there is a phase transition in the nonlinear O(N) sigma model, it is im-
portant to ask how the pion decay constant changes as the temperature increases. One
must carefully dene what is meant by the pion decay constant at nite temperature.
A reasonable denition is that it measures the strength of the coupling of the pion, the
Goldstone boson, to the longitudinal part of the correlator of two axial vector currents.



















;q = 0) : (4)
Here 
L
(q) is the longitudinal part of the spectral density for the retarded response func-













in the sigma model. To give a more physical meaning, consider rst what pions are
in a nite temperature system. Pions are Goldstone bosons associated with the broken
2
chiral symmetry, and in a nite temperature system represent the energy stored in a
varying phase structure of the ground state. Consequently, the pion contribution to the
correlation function must depend on the probability of the system to be in the ground
state. That probability is relatively large at low temperatures and so the pion decay
constant is not much dierent from the zero temperature value. As the temperature goes
up, the probability of being in the ground state diminishes, and so does the pion decay
constant. At the phase transition temperature no pions are present in the system since
no energy is stored in the varying phase of the ground state, and the pion decay constant
as well as the scalar condensate becomes zero. This all assumes the transition is second
order, of course.
The constraint is local and dicult to deal with directly. It is advantageous to repre-
sent it with a Lagrange multiplier m
2
and an auxiliary eld (x) as is done in [2, 1]. In


























The auxiliary eld  over which we must integrate to get the partition function must lack









(x) will be identically zero. The Lagrange multiplier m
2
together with









The next step is to obtain an eective action involving only the auxiliary eld  by
integrating out the  and  degrees of freedom. At a rst glance, this seems like a simple
task since the above Lagrangian (6) is bilinear in  and . One is tempted just to carry






















is valid only if the determinant of A is positive denite. When m
2
= 0, the action is




xd L vanishes when both  and  are constant. Hence,
zero modes exist when m
2
= 0, and if the partition function is to be well-dened the
integration must not be done over constant eld congurations.
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To carry out the integration over only the non-zero modes it is convenient to separate
the constant zero modes explicitly from the non-zero ones. Due to the O(N) symmetry


































=2 is discarded. The condensate
v is determined by the condition
hi = 0 : (12)
To satisfy the condition (12), the action must not contain terms odd in . Since  has
no k = 0 component, the only such term in the Lagrangian (11) is  m
2
v. The condition
then implies that m
2





= 0 and v 6= 0. This implies that the symmetry is broken and there are massless
Goldstone modes. Since the symmetry is broken at zero temperature, this must
correspond to low temperatures.
2. m
2
6= 0 and v = 0. This implies that the symmetry is restored, and hence there are
no massless Goldstone modes. This must correspond to high temperatures.
The constraint (8) and the condition (12) must be imposed after the partition function is
calculated with arbitrary m
2
and v.
Carrying out the Gaussian integrations over  and  requires completing the square.















  2i) : (14)























+ 2i) : (15)
Performing the Gaussian integration over the non-zero modes of  and  expresses the

















There is, of course, the possibility that both m
2
and v are zero. However, if this is true, we wouldn't






















is the eective action for the  eld. The prime on the trace indicates that the zero





)] is well-dened even when m
2
= 0 since the  eld has no k = 0
component. Consequently the trace operation in the eective action S

can include the
k = 0 component without any error.
At nite temperature, as argued in [1], the residue of the pion pole in the retarded
response function for the axial vector current is proportional to the square of the pion

















in the zero momentum and small frequency limit yields f
2

(T ). We now calculate the
spectral density by taking the discontinuity of the Euclidean Green function. Then, from
the coecient of the massless pion pole, f
2

(T ) is obtained.


















































This expression is to be averaged with the eective Lagrangian given in eq. (15). Since


































































(x; y)] ; (22)
B
































































































Here the facts hi = hi = h

i = 0 are used to simplify the result. The expression (21)
can be now integrated over the remaining  eld with the eective action (17) to yield
the axial vector current correlation function.
First, consider the unbroken phase where v = 0. In this phase the condensate is gone
and no pion is present in the system. Consequently the pion decay constant must be zero.
The expression (21) is exact. To use it to calculate f
2

(T ) in the broken phase where
v 6= 0 and m
2
= 0, one must now distinguish temperatures much lower than the transition
temperature T
c
and temperatures close to T
c
.




(T )  NT
2
. At these temperatures
the eective action (17) is of O(N). Hence, the propagator for the  eld is of O(1=N).





























)G(l)G(k   l) 
ab
; (25)
where G(k) = 1=k
2
. The rst term in eq. (25) clearly contains a pion pole. The second
term remains nite as k ! 0 after a suitable zero temperature renormalization. Conse-




To obtain the pion decay constant at nite temperature one rst takes the disconti-
nuity across the real k
0
axis and then divides the result by k
2
0




(T ) = v
2








; T ! T
c
: (26)
Here the value of v
2
(T ) near T
c
is extracted from [1]. There are O(v
2
=N) corrections to












terms in eq. (21). There is
also an O(T
2
=N) correction from further expansion of A

.
The behavior of the pion decay constant at low temperature was rst obtained by
Gasser and Leutwyler for QCD [4] and subsequently veried using a dierent method by













; T  T
c
: (27)
We have also been able to reproduce this result using the methods developed in this paper.
To compute the behavior of f
2

(T ) at arbitrary temperature is not much more involved
than the calculations performed in this paper. One just needs to use the full propagator




as a function of T would be in itself an interesting project. However, it is also clear
that no surprising feature will emerge from this calculation since the  propagator is
2




) is isomorphic to O(N
2
f
) only for N
f
= 2 and this limits the quantitative


















Figure 1: Plot of the Pade approximant eq. (28) with N = 4. The broken lines are limiting behaviors
given by eqs. (26) and (27).
always small compared to the temperature. Hence, for most applications that are not
terribly dependent upon ne structure, the following Pade approximation between the
low temperature result (27) and the near T
c


























The above Pade approximation is plotted in Figure 1 for the case N = 4.
A natural extension of this work is to include the vector and axial vector mesons,
; !; a
1
, and recompute the temperature dependence of the pion decay constant. This
would allow for a more direct and meaningful comparison with lattice gauge computations.
However, lattice gauge calculations of the pion decay constant at nite temperature so far
have extracted it using the Gell-Mann Oakes Renner relation [6]. It is not clear that this
is a good denition at nite temperature, nor whether it is the same as the denition in
eq. (4). In addition, the lattice calculations have used the quenched approximation which,
while of pioneering form, may be missing some essential physics of the chiral transition.
Further studies in both theoretical and lattice calculation are clearly called for.
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